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We present an overall theoretical interpretation on the glass-like behaviors observed in type-I

clathrates known as efficient thermoelectric materials. A series of recent experiments on type-I

clathrate compounds have revealed that the characteristics of thermal and spectroscopic properties

severely depend on the states of guest ions in cages. It is notable that the properties almost identical

to those of network glasses are only observed in clathrate compounds with off-centered guest ions

in cages. We show that the glass-like properties follow naturally from the consideration that off-

centered guest ions possess electric dipole moments. Our analysis demonstrates that interacting

dipoles are a key to quantitatively explain the glass-like behaviors of type-I clathrate compounds,

succeeding to recover the temperature dependence of specific heatsC(T ) and thermal conductivities

κ(T ) in addition to their magnitudes.

1. Introduction

The“phonon-glass electron-crystal”concept has been

proposed over a decade ago [1] in order to explore ther-

moelectric materials with the high figure of meritsZ [2],

which has revived the interest on thermal transports in

solids. The quantum-mechanical elucidation of thermal

conduction in insulating crystals is away back in the work

by Peierls [3], in which quantized phonons play a central

role together with the translational invariance of the sys-

tems. While, the full understanding on phonon heat trans-

ports in disordered systems such as glasses is still lacking

with many unsolved problems [4].

Certain classes of thermoelectric materials with low ther-

mal conductivities like glasses have been searched, lead-

ing to the discovery of type-I clathrate compounds with

the formula II8III 16IV30 [5], where the group III and IV

elements constitute framework atoms of 14-hedron cages

and the group II elements are guest ions in the cages.
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The subsequent works [6]-[9] have confirmed that the

thermal conductivitiesκ(T) of these compounds are not

only drastically suppressed, but also display characteris-

tics identical to those of network glasses. Avila et al. [12]

have achieved the lowest recordedκ(T) in β–Ba8Ga16Sn30
among type-I clathrate compounds such asβ–Ba8Ga16X30

(X = Sn,Ge) orβ–X8Ga16Sn30 (X = Eu, Sr, Ba). Hereafter

we abbreviate each such asβ-BGX, β-XGG, orβ-BGS,

etc.

These studies [10]-[15] have confirmed earlier measure-

ments for various clathrates [7]-[9]. Thus, clathrate com-

pounds are attracting much attention in connection with

the search of efficient thermoelectric materials.

Diffraction experiments have revealed that guest ions

take either an on-center or an off-center position depend-

ing on the size of the cages or, equivalently, on the ionic

radii of the guest ions. The thermal properties almost iden-

tical to those of glasses are only observed in clathrate com-

pounds with off-centered guest ions.

The intriguing findings [10]-[15] are that the specific

heats and the thermal conductivities of type-I clathrate

compounds with off-centered guest ions show properties

almost identical to those of glasses in spite of the remark-
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able difference in microscopic structures among these ma-

terials. Topological disorder is a key element for glasses [4],

while the disorder in type-I clathrate compounds is much

less relevant, as diffraction studies have provided the ev-

idence that the microscopic structures of type-I clathrate

compounds are rather well defined. It is a mystery why

the observations for these clathrate compounds without

topological disorder show the behaviors almost identical

to those of glasses.

The experimental data so far have been analyzed on the

basis of the theoretical model that the isolated off-centered

guest ion governs the glass-like behaviors. This simple

view misleads us to the idea that such a non-interacting

guest-ion picture could explain the glass-like behaviors.

　Such a non-interacting guest-ion picture, however, con-

flicts with the observation, yielding a specific heattwo or-

ders larger than the observed value at 1K. Here we pro-

vide a clear interpretation of the glass-like behaviors of the

type-I clathrate compounds with off-centered guest ions.

Our treatment is directly applicable to other types of clathrate

compounds with off-centered guest ions [16, 17].

2. States of off-centered guest ions

The positional symmetry of the guest ions in clathrates

is brokenby increasing the size of the cages,and the guest

ions take four off-center positions atr0 from the center

of a cage [7]-[10]. A typical distortionr0 = 0.43 Å

in β-BGS is obtained from diffraction experiments [10,

12]. This value is about 7.2% of the distance between the

neighboring 14-hedrons (a/2 = 5.84 Å, wherea is the

lattice constant). Such an off-centered guest ion induces a

largeelectric dipole momentdue to the difference of the

charges between the Ba2+ guest ion and the Ga− ion con-

stituting cages. The strength of the electric dipole moment

becomesp ≈ 4.1 Debyes inβ-BGS fromr0 = 0.43 Å.

Thus, the cages with off-centered guest ions intrinsically

possess dipoles. It is crucial to properly deal with their

characters in modeling the systems. The network config-

uration involving off-centered guest ions is schematically

illustrated in Fig. 1.

Guest ions experience ahinderingpotentialVh(θ) with

a four-fold inversion symmetry along the azimuthal direc-

tion [7]-[10]. The barrier height of the hindering potential

Vh between nearby potential wells is estimated from the

(a) (b)

(c)

A
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Fig. 1: Schematic illustration of the configuration of the

guest ions in cages inβ-BGS. The four-fold inversion

axes are directed alongx, y, z. (a) The deviation from

the on-center position (filled circles) induces the electric

dipoles (arrows). The filled circles represent the posi-

tions of off-centered guest ions, around which the electric

dipoles are induced. The sites A, B, and C in (a) are seated

on the chains parallel tox, y, andz, respectively:A =
(a/4, 0, a/4), B = (0, a/4, 3a/4), C = (a/2, a/2, a/2).
The distance between the next-nearest neighbors (dashed

lines) is
√

3/8 a. Note that these three dipoles constitute

anequilateral triangleand easily generate a frustrated sit-

uation. (c) The 3D configuration of the dipole chains are

illustrated.

difference between the largest and the smallest strengths

of short-range van der Walls forces to a guest ion from the

framework atoms of a cage, which should be of the order

of 10 K originating from charge fluctuations. Actually,

first-principles calculations have shownVh to be≃ 20 K

for Sr2+ guest ions inβ-SGG [18]. By expressing the po-

sition of a guest ion in terms of two-dimensional spherical

coordinates perpendicular to the four-fold inversion axis

centered in a cage, the motion of an off-centered guest ion

is mapped onto a rotational motion of dipoles having a

moment of inertiaI = 25.4 uÅ2 in the case ofβ−BGS,

where the kinetic energy is scaled byEK = h̄2/(2I) =
EK = 0.96 K. Thus, we have the situationEK < Vh.

The separation of neighboring wells is small, for exam-

ple,πr0/2 = 0.67 Å in β-BGS. This allows the guest ion
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to tunnel to a nearby potential minimum at lower temper-

atures than the barrier height energyVh, where the off-

centered guest ion executes zero-point motion at one of

the four wells with an energȳhω0. We can take into ac-

count only two wells with a small energy differenceϵ =
E1 − E2 (the asymmetric energy of neighboring double

wells), which mainly attribute to the disordered configu-

ration of the Ga− and Sn framework atoms of the cages.

In this case, the Hamiltonian is reduced to a 2×2 ma-

trix with the off-diagonal element∆ (the tunneling term

due to the overlap of the wavefunctions), and the energies

are given byE = ±(1/2)
√

ϵ2 + ∆2. The specific heat

incorporatingall of the off-centered guest ions in cages is

given by

Ctun = 2k2
BT

∫ ∞

0

x2 sech2(x)P (2xkBT )dx, (1)

wherex is the dimensionless variable defined byE/(2kBT ),
and P (E) is the number density of states per volume;

namely,P (E)dE is the number of tunneling states per

volume with energy betweenE andE + dE as described

in [21, 22].

3. Isolated dipole picture

The picture that tunneling between nearby sites inVh(θ)
is relevant to the glasslike properties leads to the erroneous

idea that thenoninteracting-dipole picture would work to

explain the glasslike behaviors. Such a model doesnot

reproduce both the observed temperature dependence and

the magnitudes of the specific heats for type-I clathrate

compounds with off-centered guest ions as will be demon-

strated below. In fact, as will be discussed in the next sec-

tion, the tunneling between the nearby potential minima in

the configuration space generated by interacting dipoles is

crucial for interpreting glasslike thermal properties below

about 1 K .

To disconfirm thenoninteracting-dipole picture, we cal-

culate the specific heat under this picture. Provided that

the dipole interaction between the guest-ions is irrelevant,

the problem reduces to the state of only one cage. In this

case, the zero-point energy of the guest ion trapped in one

of the four local-potential minima of the hindering poten-

tial Vh(θ) is estimated to bēhω0 ≈ 4.6 K from the un-

certainty principle, taking an actual size [18] of the poten-

tial to be≃ (0.3 Å)3 for β-BGS. The tunneling energy is

given by∆ = h̄ω0 exp(−
√

2IVhδθ/h̄) with δθ the angle

between two nearby minima, andδθ takes a value≈ π/2.

If the asymmetry energy of neighboring wellsϵ is negli-

gibly small compared with∆, we can estimate for thenon-

interacting-dipole picture the most probable lower-bound

energy as∆min = 0.03 K by using values forβ-BGS:

h̄ω0 = 4.6 K andδθ = π/2. Note that, in the case of the

interacting-dipole picture,∆min becomes much smaller

due to the correlated tunneling motion. The lower and the

upper bounds of the integral in Eq. (1) should be∆min/(2kBT )
andEmax/(2kBT ), respectively, depending on the tem-

peratureT . Since the functionx2 sech2(x) in the inte-

grand has the maximum at around unity, the contribution

to the integral of the product ofx2 sech2(x) andP (2xkBT )
becomes small at temperatures belowT ≤ ∆min. In ad-

dition, thenoninteracting-dipole picture claims thatevery

off-centered guest ion contributes to the specific heat. By

taking the widthĒ of theP (E) from ∆min to Emax ≈
2Vh and by incorporating the number of guest ions in a

unit cell 6, Eq. (1) yieldsC ≃ 4100 mJmol−1 K−1 at 1

K, which is two orderslarger than the observed value for

β-BGS C ≃ 30 mJmol−1 K−1 at 1 K [10]-[13]. Thus,

the noninteracting-dipole picture severely conflicts with

the observations.

4. Interacting dipole picture

Electric dipole moments of guest ions provide long-range

interactions with dipoles in other cages. Let us consider at

first two electric dipoles⃗pi andp⃗j separated by a distance

|R⃗ij |. The dipolar interaction gives the following form

under the conditionr0 ≪ Rij :

Ṽij(p⃗i, p⃗j) =
p⃗i · p⃗j − 3(p⃗i · R̂ij)(p⃗j · R̂ij)

4πεr|R⃗ij |3
, (2)

whereεr is the dielectric constant of the clathrate,R̂ij =
R⃗ij/|R⃗ij |. In the case of theβ-BGS clathrate, off-centered

guest ions are in 14-hedron cages, and its nearest-neighbor

off-centered guest ions are located in the next two 14-

hedron cages, which share thesamefour-fold inversion

axis.The four-fold inversion axes are directed along the

x, y, z axes due to the cubic symmetry ofβ-BGS as shown

in Fig. 1.

The potential function for the coupled dipolesp⃗1 and
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p⃗2 becomesV12 = Vh(θ1) + Vh(θ2) + W12(θ1, θ2) with

W12 = p2 cos(θ1 − θ2)/(4πεrR
3
12), where two global

minima (maxima) in(θ1, θ2) configuration space appear

at |θ1 − θ2| = π (2π) since the first term in Eq. (2) is

the dominant term for a nearest-neighbor pair. This con-

figuration acts as a new hindering potential in addition

to the four-fold inversion symmetric potentialVh. This

argument can be straightforwardly extended to the case

of multiple pairs providing many potential minima in the

configuration spaceP = (θ1, θ2, θ3, · · ·) [16, 17], where

the potential function isV123··· =
∑

Vh(θi) +
∑

Ṽij .

The energy scale of the dipolar interactions between

nearest neighbors is given by its maximum value:

J1 =
p2

4πεrR3
1

(3)

whereR1 is the distance between the nearest neighbors.

We also represent the energy scale of the next-nearest neigh-

bor coupling asJ2 ≃ J1/2. Here, we definedJ2 as the

maximum value of the coupling energy averaged over the

eightnext-nearest neighbors. The contribution toJ2 from

the first term in Eq. (2) is smaller than that of the second

one, and mostly works as a counterforce. Note that the

motion of the dipoles is restricted in the planeperpendic-

ular to the nearest-neighbor chain.

We first estimateJ2 given byJ2 = 3J1(R1/R2)3⟨ζ⟩max

without the first term of Eq. (2), whereR2 (=
√

3/8 a)

is the distance between the next-nearest neighbors, and

⟨ζ⟩max the maximum average ofζ = cos(θ1) cos(θ2)
over the angles. Settingθ2 as a function ofθ1 which yields

the largestζ for eachθ1, we averageζ over θ1. Since

θ1 takes a value betweenθmin and (π − θmin), where

θmin = tan−1(1/
√

5) in β-BGS, it follows⟨ζ⟩max ≃ 0.5
andJ2 ≃ 0.8J1. The average of the first term over eight

neighbors becomes≃ −0.3J1 in the case that four next-

nearest dipoles are anti-parallel and the others are perpen-

dicular to the central dipole. Since the contribution to

J2 from the first term is not far from this, we can take

J2 ≃ 0.5J1.

The actual distance between the nearest-neighbor guest

ions inβ-BGS isR1 = a/2 = 5.84 Å, then the charac-

teristic energy scale for nearest-neighbor coupling is esti-

mated asJ1 ≃ 6εr/ε0 K. Taking into account the dielec-

tric constant for semiconductors in the range5 ≤ εr/ε0 ≤
20, it turns out that the guest ions experience strong in-

teractions. They are no longer regarded as independent

dipoles. Combining four-fold inversion symmetry of dipoles

with thefrustratedsituation due to the equilateral triangle

, many local minima are created in a hierarchical potential

map in a configuration spaceP, where tunneling should

involve simultaneous local structural rearrangements of an

appropriate number of guest ions(See Fig. 2). The number

(b)

G

A1

B1
A2

B2

(a)

Fig. 2: Scheme of states in configuration space. (a)

The states for different dipole-configurationsXi andXj

are expressed by G (= |Xi, {0}⟩) and G’ (= |Xj , {0}⟩).
The hybridization of these states creates two-level tunnel-

ing statesT± (= |(Xi, Xj),±⟩). (b) The excited states

|Xi, {nλ}⟩ (labeled as A1, B1, etc.) at a certain configu-

rationXi is illustrated. Each state corresponds to a local

oscillation of the dipole cluster. The transitions between

the ground and an excited state associate with the scatter-

ing of acoustic phonons. The transition between the ex-

cited states A1 and B1 also scatter the acoustic phonon,

and this transition itself corresponds to a hopping of the

local mode in the real space.

density of statesP (E) should be symmetric aboutE = 0
sinceE1 > E2 or E1 < E2 is equally likely, implying

P (E) is an even function ofE. It is reasonable, at the first

glance, to takeP (E) as a normal distribution at the center

of the distribution. We employ the form ofP (E) as

P (E) =
2nV

Ē
√

π
exp

[
−(E/Ē)2

]
, (4)

whereV = NAa3 (NA: Avogadro number), andn is the

number of relevant tunneling states per volume, which we

set ton = 6η/a3 by incorporating the number of off-

centered guest ions, 6, in a unit cella3. The numerical

factorη expresses how many of the off-centered guest ions

are relevant to the specific heat in effect: Note that1/η is

the averaged number of off-centered guest ions involved

in a rearrangement of the configuration.
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5. Specific heats at low temeratures

By taking the upper bound (≃ 2Ē) from Eq. (4) as the

maximum coupling strength from neighbor dipoles2Ē ≃
z1J1 + z2J2 ≃ 6J1 with configuration numbersz1 = 2
andz2 = 8 (J3 ≪ J1, J2), and notingn/J1 = 3πεrη/p2

from R1 = a/2, Eq. (1) combined with Eq. (4) yields the

simple form

Ctun

V
=

π5/2εrη

3p2
k2

BT, (5)

for kBT > ∆min. Equation (5) predicts larger specific

heats for smaller dipole momentsp. Suekuniet al. [13]

have observed low-temperature specific heats forn- and

p-typeβ-BGS with different length dipoles ofr0 = 0.434
and 0.439Å, respectively. The observed specific heats be-

low 1 K of then-typeβ-BGS show a few percent larger

than those of thep-type. This accords with the prediction

of Eq. (5).

The comparison of Eq. (5) with the observed magnitude

of a specific heatC ≃ 30T mJ mol−1 K−1 for β-BGS be-

low 1 K [12, 13] provides important information for tun-

neling states through the value ofη. Takingεr ≃ 10ε0,

η is estimated to be≃ 0.06 from C ≃ 50(εr/ε0)ηT

mJmol−1 K−1. This indicates that not all but only 6%

of the off-centered guest ions contribute to the specific

heatson average. This implies that the averaged number

of dipoles simultaneously rearranged is1/η ≃ 20, which

indicates that∆min is negligible in the temperature range

we consider here.

We remark here that the glass transition temperatureTg

should be close to4Ē (∼ 700 K) from the effective width

of the distribution function Eq. (4). This temperature is

much lower than the one where the dipole moments dis-

appear inβ-EGG (> 1000 K) [14, 15]. We suggest an

experimental study to confirm the existence of glass tran-

sition in this temperature range.

6. Thermal conductivities at low tem-

peratures

The kinetic formula of thermal conductivities is given

by

κ(T ) =
1
3

∑
ϵ

∫ ∞

0

Cph,ϵ(ω)v2
ϵ τϵdω, (6)

(i) (ii) (iii) (iv)
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Fig. 3: Characteristics of thermal conductivitiesκ(T )
of type-I clathrates. The solid line shows the glass-like

temperature dependence ofκ(T ) for symmetry-broken

clathrate with off-centered guest ions. The dotted line

gives the crystalline-like behaviors of type-I clathrate

without off-centered guest ions. In the low temperature

regionT ∼< 1K(i), the former behaves asT 2, the latter

does asT 3. The plateau temperature region appears in the

former case at∼ 10K. The thin dashed line depicts the

T -linear behavior in the temperature region (iii), which

approaches to zero asT → 0.

whereCph,ϵ, vϵ, andτϵare the specific heat, group veloc-

ity, and life-time of acoustic phonons of the modeϵ, re-

spectively. Note that the Matthiessen’s rule for the life-

time1/τϵ =
∑

i 1/τi should hold.

For pure crystals with translational symmetry, we have

the situationvϵτϵ(T, ω) > L at low temperatures, where

L is the size of crystals. This leads toκ(T ) ∝ T 3 at

low temperatures as observed in crystals. With increas-

ing the temperature, the wave vectors of thermally excited

phonons approaches to the size of Brillouin zone and the

so-called Umklapp process [3] results in the decrease of

thermal conductivities atT ∼10 K (See the dotted line in

Fig. 3). Thus, the key aspect of thermal conductivities

for the systems with translational symmetry is completely

understood, while the glasslike behaviors for symmetry

broken systems are not, as in the case of glasses [19]. The

difference for phonon transport in glasses and symmetry-

broken clathrates is the effect of the mass-density fluctu-

ation in the scale of the wavelength of excited phonons.
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Though topological disorder is relevant in glasses, it is ir-

relevant in crystalline clathrate compounds. Hence, the

scattering rate of phonons1/τ(T, ω) due to the Rayleigh

scattering proportional toω4 does not behave as the dom-

inant phonon-scattering mechanism for symmetry-broken

clathrtes.

In the low temperature regimeT < 1 K, the domi-

nant scattering arises from the interaction between tunnel-

ing states and thermally excited acoustic phonons, which

yields the scattering rate of phonon interacting with tun-

neling states [20] in the interacting-dipole picture [16, 17]

as

1
τtun(ω)

=
2π3/2εrg

2ω

ρv2
ϵ

(
η

p2

)
tanh

(
h̄ω

kBT

)
, (7)

whereg is the deformation coupling constant, andρ the

mass density (ρ = 6.01 × 103 kg m−3 for β-BGS). The

average value ofvϵ is vs = 2.3 × 103 ms−1 for β-BGS

from the actual values of velocities,vC11 = 3369 m s−1,

vC11−C12 = 1969 m s−1, andvC44 = 1844 m s−1 for β-

BGS.

By combining the above scattering rate with Eq. (6),

κ(T ) of the type-I clathrates yields

κ(T ) =
ρk3

Bvs

4π3/2h̄2g2εr(η/p2)
T 2, (8)

which showsT 2 dependence ofκ. From Eq. (5), the more

convenient form withCtun is obtained as

κ(T ) =
(

πNAk3
B

12h̄2

)(
ρa3vs

Ctun/T

)(
T

g/kB

)2

(9)

= 28000
(

T

g/kB

)2

[W/Km], (10)

whereNA is the Avogadro number anda is the lattice

constant. From the experimental data ofκ (∼ 0.02T 2

W K−1 m−1) andC (∼ 30T mJ mol−1 K−1) for β-BGS [13],

the deformation couplingg is estimated asg ∼ 0.1 eV

(g/kB ∼ 1200 K). This is reasonable value because the

deformation coupling constantsg in glasses are in the range

of 0.1-1.0 eV [21, 22].

We consider the effect of the strength of electric dipole

momentp to κ(T ). Since the formulation of the specific

heat and the thermal conductivity in the interacting-dipole

picture is based on the tunneling states caused by the dipo-

lar interaction, the effect of the tunneling states should

disappear when the interaction becomes small. There-

fore, it is natural that we takeη/p2 → 0 whenp → 0

so thatCtun/T [∝ P (0)] → 0 in Eq. (9). Note that,

however, even whenη/p2 → 0 as in the case of sym-

metric clathrates,κ does not goes to infinity due to the

Matthiessen’s rule, where the scattering rate of acoustic

phonons is given byτ−1 = τ−1
tun + τ−1

bou, whereτ−1
bou =

const. is the boundary scattering of the system. This yields

a constantτ , leading the sameT 3-dependence ofκ at

low temperatures as observed for symmetric clathrates.

Thus, we see, asη/p2 decreases,κ(T ) becomes more

crystallinelike;the temperature dependence gradually changes

from T 2 to T 3 whenp is small.

7. Summary

We have provided an overall interpretation on the glasslike

behaviors by illustrating the type-Iβ-BGS in terms of

the interacting-dipole picture. The results of our investi-

gation highlight the role of the off-centered guest ions in

β-BGS, providing a clear picture of why this compound

shows glass-like behaviors. The off-centered guest ions

constitute tunneling states in a configuration space of in-

teracting dipoles with hierarchical structure, where tunnel-

ing occurs as a rearrangement of the dipole configuration.

The rearrangement is induced in units of 5∼20 dipoles.

To summarize, our theoretical analysis has demonstrated

that interacting dipoles are a key to quantitatively explain

the glass-like behaviors of type-I clathrate compounds. Al-

though these results are obtained onβ-BGS, the investi-

gations are directly applicable to other types of clathrate

compounds with off-centered guest ions.
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