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Statistical mechanics of molecular liquid and its
application to life phenomena
It is common understanding that living systems cannot live without water. The structure
and function of all biomolecules, responsible for keeping our life, have been designed in
the process of evolution, so that they fit best the environment of water. In that sense, it
will not be an overstatement that life on the earth has been born and evolved due to
collaboration between water and biomolecules.
In my career as a researcher, which started from a graduate course, I have developed
the integral equation theory of liquid, a field of the statistical mechanics, to elucidate
structure of water and its role for biomolecular function and structure. Among the
theories I have developed with my collaborators, the extended RISM and 3D-RISM/KH
theories have proved themselves quite useful in analyses of the molecular recognition
that plays crucial role in expression of biomolecular functions. Those theories, which
have been derived by us as a generalization of the RISM theory proposed by D.
Chandler and H. C. Andersen to aqueous solution of biomolecules, have been
implemented in commercial softwares such as AMBER, and have been utilized at
industrial sites as a powerful tool of drug discovery.
This review is devoted to describe author’s main contribution in the field of solution
chemistry and life science. [1]
I.	
 Extended RISM (XRISM) theory and its application to
chemistry	
 
	
 	
 
- What is liquid structure ?	
  The author used the words “structure of liquid” in the introduction above, but what is
“structure of liquid?” For example, the structure of a water molecule can be defined by
giving the length of three edges of the triangle, two O-H bond lengths and one H-H
distance. Crystal structure of solid can also be defined readily by providing lattice
constants. (Fig. 1.1)

Fig. 1.1 Structure of a molecule and crystal
However, in liquids, the mutual configuration (or structure) of molecules cannot be
defined uniquely, because molecules are moving around randomly due to thermal
motion. In such a situation, we use a concept of probability density distribution at a
position in space, and correlation of the distribution between two positions. Let ρ(r)
and ρ(r’) be the probabilities density to find a molecule at positions r and r’, and
ρ(2)(r,r’) be the probability density to find two molecuels simultaneously at positions r
and r’. Such a situation can be expressed with the correlation function g ( r, r ') by the
following relation.

ρ (2) (r, r ') = ρ(r)ρ(r ')g(r, r ')
If the two positions r, r’ are far dsitant, ρ (2) ( r, r ′ ) becomes a simple product of ρ(r)
and ρ(r’), since the probability at two positions are independent, that is,

ρ (2) (r, r ') → ρ(r)ρ(r ') or g(r, r ') = 1 ( r − r ' → ∞)
On the other hand, it vanishes when the positions are so close that molecules at the
postions overlap each other, or

ρ (2) (r, r ') → 0 or g(r, r ') = 0

( r − r ' → 0)

At an intermediate distance between the two cases, the behavior of g(r,r’) becomes
complicated, reflecting the correlation of probability between the two positions. Due to
the physical sense, g(r,r’) is called “density pair correlation function.” Average
structure of liquids can be inferred by the pair correlation functions, since the function
contains information of distance between two positions. The correlation functions can
be probed experimentaly by means of the X-ray and/or the neutron diffraction
measurements. The light or particle beam scattered from atoms at two positions interfers

each other, and create a characteristic interference fringe, which can be measured by the
diffraction methods. As an example, the pair correlation functions （gαγ）between a pair
of atoms in water, which were obtained from the XRISM theory described later, are
depicted in Fig. 2.（Overall behavior of the results is in qualitative agreement with that
obtained from the X-ray and neutron diffraction measurements.）As is well regarded,
water structure is characterized with a three-dimensional hydrogen-bond network.
(cartoon below) In the figure, the sharp first peak seen in gOH (marked by b1) is a
manifestation of the hydrogen-bond. Due to the hydrogen-bond, water takes a
tetrahedral coordination, characteristic in ice, which gives rise to the second peak in the
O-O correlation function, which apppears around 〜1.63σ (σ : diameter of a water
molecule) , marked by a2. The postion of a peak includes information of distance
between atoms, from which one can deduce a three dimensional structure of liquid, with
an aid of trigonometry. The cartoon of hydrogen-bond network in Fig. 2 was drawn in
such a way from the pair correlation functions.

	
  	
  	
  	
  	
  	
 
	
 
	
 

Fig. 1.2 Pair correlation functions in water and the hydrogen-bond
network.
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(Ornstein-Zernike equation)An equation to govern the pair correlation function in liquid was proposed by two
Dutch scientists, L. S. Ornstein and F. Zernike, in the beginning of the last century. [2]
They have written down the following equation in intuitive basis in order to explain the
critical behavior of the structure factor, obtained from the X-ray and/or neutron
diffraction measurment.

h(r, r ') = c(r, r ') + ∫ c(r, r '')ρ(r '')h(r '', r ')dr ''
V

(1.1)

In the equation, h(r,r’) (= g(r,r’) - 1) is called the total correlation function. Later,
derivation of the equation has been worked out by many scientists based on the
statistical mechanics, and it is now appreciated as the most fundamental equation to
describe liquid structure.
In the mean time, the equation contains another unknown function, c(r,r’). This
function is referred to as “direct correlation function.” In order to solve the
Ornstein-Zernike (O-Z) equation, we need another equation that relates c(r,r’) to h(r,r’).
(The equation is called “closure” relation, since it closes the O-Z equation.) Therefore,
it has become one of main themes for the statistical mechanics of liquid to find a closure
relation. The most important closure relation derived so far is called HNC (HyperNetted
Chain)-closure, which reads, [1]

c(r, r ') = exp [ −u(r, r ') / kT + t(r, r ')] − 1 − t(r, r ')

(1.2)

（ t(r, r ') ≡ h(r, r ') − c(r, r ') ）
The O-Z as well as HNC equations can be derived from the partition fucntion of liquid
systems, by means of the functional derivative and/or the diagramatic expansion. The
derivation is skipped in this review. Instead, a concept called “renormalization” used to
solve this type of an integral equation is explained. Let us substitue the entire
right-hand-side of (1.1) into h(r ′′, r ') , iteratively, that will produce an infinite series
illustrated by the following diagram.

In the equation, a black circle denotes an interal over the entire space as follows.

C[c|ρ] is a book-keeping notation to represent the infinite series consisting of
many-body integrals. Each term in the infinite series has a form of the convolution
integral, the Fourier transform of which becomes a simple product of the Fourier
transform of functions consisting the integrand, and the infinite series becomes a
geometric series. The sum of geometric series can be readily calculated as


 + ρc(k)
 2 + ρ 2 c(k)
 3 +
h(k)
= c(k)

c(k)
=

1 − ρc(k)
 , c(k)

where h(k)
are, respectively, the Fourier transform of h(r) and c(r). In Fig. 1.3,
shown is a standard method to solve the integral equation by means of an iterative
procedure.
Although Fig. 1.3 shows a standard alogorithm to solve an integral equation
appearing in the liquid state theory, more important is that it represents a typical
example for a general concept in physics of many-body problem, referred to as
“Renormalization.” In this alogorithm, the functional form of c(r,r’), or

c(r, r ') = exp [ − β u(r, r ') + t(r, r ')] − 1 + t(r, r ')
stays unchanged, as the iteration progresses. However, the more complicated
many-body interactions are renormalized into c(r,r’) as the iteration proceeds. Since
each black cicle corresponds to an integral in the coordinate space, the sum of the
geometric series involves multiple integrals, multiplicity of which extends to infinity. It
means that this procedure corresponds to sampling of the phase space that is infinitely
large. Nevertheless, actual integration we should perform in this alogorithm is just a

single integral associated with the Fourier transform.

Renormalization

Fig. 1.3 Iterative solution of the O-Z equation: the iteration is initiated by calculating initial
values of c(r) from the inter-molecular interaction u(r). The function c(r) is Fourier-tranformed
into c(k). The sum of the infinite series is calculated to get t(k). t(k) is inverse transformed to get
c(r) in the real space. The process is iterated untill c(r) converges.

Renormalization of Coulomb interactions: The theory described above can be applied
to a liquid system consisting of spherical molecules to calculate the pair correlation
function. However, there is a tumbling block if one tries to apply the theory in a naive
way to an electrolyte soluiton. The problem is the divergence of Coulomb interaction.
The equation descirbed above involves the integration of interactions over the space
extending to infinity. The integration of the Coulomb interaction over the infinite space
diverges as

φ (r) 

1
r

∫

∞

0

φ (r)4π r 2 dr → ∞

J. Mayer, who is famous with the method called “cluster expansion” of non-ideal gas,
solved the problem.[3] He found that the sum of the infinite series (chain sum) below
converges, inspite that the integral of the Coulomb interaction by itself diverges.

In the above equation, κ denotes inverse of the Debye screening length that is
proportional to the square root of the ionic strength. Using the function, Mayer
renormalized the clsuter expansion (or virial expansion) of electrolyte solutions. (The
Debye-Huckel limiting law of elctrolyte solutions corresponds to the first order term of
the cluster expansion.) The Ornstein-Zernike equation can also be rewritten in trems of
the “renormalized Coulomb interaction” q(r) as [4]

h = C ⎡⎣ c − φ q ⎤⎦ + q
q(r) = ρδ (r) + ρ 2 q(r)

The RISM theory: The theory described so far, which is concerned with a system
consisting of spherical molecules, cannot be applied to such liquid systems as water and
alcohol that are of chemical interests. It is because the interaction between molecules in
such liquids, referred to as molecular liquids, depends not only on their distance but also
on their mutual orientation. The work to extend the O-Z equation to molecular liquids
was done by D. Chandler and H. C. Andersen.[5] The theory is referred to as RISM
(Reference Interaction Site Model) theory. The most important feature of the RISM
theory is to express the interaction between a pair of molecules by the sum of
interactions among atoms (or interaction sites) in the molecules as
n

n

u(1, 2) = ∑ ∑ uαγ (r)
α =1 γ =1

where 1 and 2 in u(1,2) represent the position (R) and orientation (Ω) of the respective
molecule. On the other hand, uαγ (r) in the right hand side denotes the interaction
between atom α in molecule 1 and atom γ in molecule 2. That is, the left hand side
represents the interaction between two molecules by a fucntion of the center-to-center
distance and the orientaion, while the right hand side by the sum of atom-atom
interactions. The latter is the same model used in the molecular simulation. Chandler
and Andersen reformulated the O-Z equation in terms of the interaction-site model. That

is called “RISM equation.” Here, the idea to derive the equation is briefly sketched.
The RISM equation is derived from the general Ornstein-Zernike equation
(Molecular OZ equation).

h(1, 2) = c(1, 2) +

ρ
c(1, 2)ρ(3)h(3, 2)d(3)
Ω∫

Let us substitue the entire right-hand-side of the equation into h(1, 2) , iteratively, that
will produce an infinite series described by the following equation, similar to the O-Z
equation for spherical molecules.

⎛ ρ⎞
h(1, 2) = c(1, 2) + ⎜ ⎟ ∫ d(3)c(1, 3)h(3, 2)
⎝ Ω⎠
⎛ ρ⎞
⎛ ρ⎞
=c(1, 2) + ⎜ ⎟ ∫ d(3)c(1, 3)c(3, 2) + ⎜ ⎟
⎝ Ω⎠
⎝ Ω⎠

2

∫ d(3) ∫ d(4)c(1, 3)c(3, 4)c(3, 2) + 

The following transformation (“Chandler-Andersen transformation”) is applied to the
both sides of the equation.
fαγ (r) =

1
Ω2

∫ f (1, 2)δ ( R

1

) (

)

+ l1α δ R 2 + lγ2 − r d(1)d(2)

In the above equation, δ(x) signifies the Dirac delta-function. The transformation
corresponds to an average of the function f(1,2) over the angular space by fixing the
position ( R1 + l1α ) of atom α of the molecule 1 at the origin, while the position
（ R 2 + lγ2 ）of the molecule 2 at the postion r.（Fig. 1.4）The RISM equation is obtained
by the transformation, which is expressed in terms of the graphical expansion, similar to
the O-Z equation.

where c denotes the direct correlation function (matrix) c(r,r’) between atoms
(interaction sites), the black circles represents the integrals with respect to the
coordinates r and r’. ω is the intra-molecular correlation function (matrix) defined by

ω αβ ( r ) = δαβδ (r) + (1 − δαβ )sαβ (r)
sαβ (r) =

(

1
δ r − Lαγ
4π L2αγ

)

In the expressions, Lαγ denotes the distance between atoms α and γ, and δ (r − Lαγ )
represents the Dirac delta-function. This corresponds to fixing the distance between
atoms α and γ in a molecule to Lαγ. If one provides all the distance Lαγ between atoms
in a molecule, one can fix the srtucture or geometry of the molecule. (For example, in
the case of a water molecule, LOH, LOH, LHH)

Fig. 1.4 Coordinates for the interaction-site model of liquids

—Extended RISM theory and its application [F. Hirata & P. Rossky, Chem. Phys.
Lett., 83, 329 (1981)]—	
 
A theory to handle liquids consisting of non-spherical molecules was completed by the
RISM theory. However, it was not yet enough to treat such liquids as water and alcohol
in which molecules are interacting with hydrogen-bonds. It is because the
hydrogen-bond is essentally an electrostatic interaction, and the problem associated with
divergence of the Coulomb integral, stated above, stays unsolved. It is the “extended
RISM theory” that solved the divergence problem to be applied to almost any type of
liquids and solutions including water and alcohol.

The extended RISM (XRISM) equation was derived from the RISM theory by
renormalising the Coulomb interaction in a way similar to the case of the O-Z equation
for electrolyte solutions.

where c’, Ω , and Q are defined as follows.

c' = c − φ

Ω = ω + ρ 2Q

ρ 2Q = C ⎡⎣φ ω ⎤⎦

In the equations, Q is a function resulted from applying the renormalization of Coulomb
interaction to the RISM theory. It signifies a “renormalized Coulomb interaction
between partial charges bounded by intramolecular constraints.”
- Application of the extended RISM theory Structure of water-alcohol mixture	
 [K. Yoshida,A. Kovalenko, T. Yamaguchi, and F.
Hirata, J. Phys. Chem.B, 106, 5042(2002)]	
 
Water-alcohol mixtures are the most popular soultion for human beings. However,
understanding of their structure and property is still very primitive even in the 21st
century. For examples, water and tertialy butanol make a mixture with any
concentration, and there is no phase separation to water and the alcohol observed.
Nevertheless, it is well documented that the solution shows extremely large
concentration fluctuation at certain temperature and pressure, which is akin to the phase
separation. Such a large concentration fluctuation has been expressed by words such as
“micro-cluster” or “quasi phase separation.” But, what is the structural entity of “micro
cluster” or “quasi phase separation?” About ten years ago, we have made an analysis of
the solution structure of a water-t-butanol mixture based on the RISM theory. We have
also analysed the thermodynamic stability (or compressibility and concentration
fluctuation) of the solution. From those analyses, we could have clarified the strutctural
origin of the thermodynamic fluctuation.
Shown in Fig. 1.5(A) are the pair correlation functions (or radial distribution
function: RDF) between aotms of water and alcohol in the solution.	
 The peak position

of RDF provides information concerning the distance between a pair of atoms for
water-water, water-alcohol, and alcohol-alcohol. Three-dimensional structure of the
solution can be deduced from the distance information based on an idea of the
trigonometry. Illustrative picture deduced in such a way from RDF is shown in Fig.
1.5(B). In case of the infinitely dilute alcohol in water, the hydrogen-bond network of
water makes the main frame of the solution structure, and a t-butanol molecule is
incorporated in the main frame by making hydrgen-bonds with water molecules. In the
case of low concentration of butanol in water, butanol molecules are incorporated in the
hydrogen-bond network of water again so that their butyl groups are in contact each
other. It looks as if a small “micelle” is formed. We believe this is the identity of
“micro-cluster” or “quasi phase separation.” On the other hand, in the infinite dilution
of water in butanol, a water molecule is incorporated in the hydrogen-bond chain of
butanol by making hydrogen–bonds with the alcohol. Those results reveal the
microscopic structure of water-alcohol mixture in an unequivocal manner.
	
 
	
 
	
 
	
 
	
 
	
 
	
 
	
 
	
 
	
 
	
 
	
 
	
 
	
 
	
 
	
 
	
 
	
 

Fig. 1.5(A)

The atom-atom pair correlation functions in water-butanol mixture.

	
 
	
 
	
 
	
 
	
 
	
 
	
 

Fig. 1.5(B) Solution structure of water-butanol mixture inferred
-Thermodynamic property of a water-alcohol mixture ( I. Omelyan, A. Kovalenko,
F. Hirata,

J. Theo. Comp. Chem., 2 (2), 193-- 203 (2003) )-

We have revealed the microscopic strucure of water-alcohol mixture in the peceding
section. The next question to be asked is “how the structure is manifested in
thermodynamic properties?” Since the words such as “micro-cluster” and/or “quasi
phase separation” are terminologies expressing the density and/or concentration
fluctuations in solution, it is natural to analyse the compressibility of the solution. It has
been well documented that the compressibility is a measure of the density and/or
concentrtion fluctuation. Shown in Fig. 1.6 is the isothermal compressibility calculated
from the equation. The isothermal compressibility can be calculated from the site-site
direct correlation functions using the following equation which can be derived from the
RISM/KH and Kirkwood-Buff thoeries.
	
 
	
 
	
 

kBT χ T0 =

1
m
⎛
⎞
ρv ⎜ 1 − ρv ∑ ∑ cγ v γ v ' (0)⎟
⎝
⎠
γ =1 γ '=1
m

It will be clear that the RISM/KH theory reproduees the experimenntal results,
concentration and temperature dependence of the compressibility, faithfully. From the
results, the following picture concerning the anomalous behavior of water-alcohol
mixture can be drawn.
	
 
	
 

Fig. 1.6

Isothermal compressibility for water-butanol mixture

A) In pure water, the compressibility reduces with increasing temperature in this
temperature range. The behavior can be explained in terms of the ice-like structure or
hydrogen-bond network which is bulkier and more compressible than the
non-hydrogen-bonded structure. The ice-like structure “melts” with rising
temperature, which makes water less compressible. 	
 
B) The compressibility of pure butanol increases with rising temperature. This behavior
is a common feature shared by many other liquids but water and gallium. The behavior
can be explained in terms of the thermal expansion that increases with rising temprature,
that is, the compressible space increases as temperature increases.
C) Concentration dependence of the compressibility shows characteristic minima in the
temperature range investigated. The existence of mina demonstrates that there are two
competing effects in the concentration dependence which balances at some
concentration. One of those effects is the increase of compressibility with increasing

concentration of butanol, which can be explained in terms of a model of ideal mixing.
Suppose the compressibility of the mixture is expressed by a simple superposition of the
compressibility of the component liquids, weighted by repspective concentration or mol
fraction in such a way that χ T = ( x − 1) χ water + x χ butanol . Then, the contribution of
butanol to the compressibility, which is greater than water, becomes more dominative as
the concentration increases, thereby the compressibility increases with increasing
concentration at the butanol-rich region. On the other hand, such a simple picture does
not apply any more at the lower concentration or the water rich region. The structure of
water-butanol mixture, deduced from the pair correlation functions exhibited in Fig. 1.5,
is quite useful and instructive for explaining the anormalous behavior. Butanol
molecules in the low concentraion regime are incorporated in the hydrogen-bond
network of water through their OH-group, and their alkyl groups fill the void space of
the hydrogen-bond network, as is shown in Fig. 1.5B (b). That is, the alkyl gorups
reduces the compressibility by filling the compressible space of water.
	
 
- RISM-SCF theory and its application [S. Tenno, F. Hirata, and S. Kato, Chem. Phys.
Lett., 214, 391 (1993)]−
Most of chemical reactions (especially biomolecular reaction) on the earth are
taking place in the environment of solution. On the other hand, the quantum chemistry
or the electronic-structure calculation that is a major tool to explore the reaction, was
practiced without solution environment for long time. One of author’s contribution to
the science is to propose a theory to explore the electronic structure of a molecule (or
solute) in solutions by hybridizing an electronic-structure theory with the RISM theory.
The new theory is referred to as “RISM-SCF.” Essential point of the theory is to add the
electrostatic potential energy (or “reaction field”) due to solvent to the Hamiltonian (or
Fock operator) of the Schrodinger equation concering the electronic structure. The
reaction field can be expressed in terms of the pair correlation function by

Vλ ∈solute (rλ ) =

α ∈solvent

(

)

qα
ρ gλα rλ − r dr
λ −r

∑ ∫r

In the above expression, λ and α are symbols to distinguish solute and solvent atoms,

respectively, and qα partial charge on solvent atom α, gλα(|rλ - r|) the pair correlation
functions (or radial distribution functions) of solvent atom α around solute atom λ. The
Fock opertor which takes the solvent effect into consideration can be expressed by

F̂i solv = F̂i − fi

∑

λ ∈solute

Vλ b̂λ


where Fi is the Fock operator of solute in vacuum, and the second term expresses the
contribution from the reaction field. We solve the Schrodinger equation for the
electronic structure of solute with the solvated Fock operator, while we solve the RISM
equation to get the solvent distribution aorund solute with the partial charge obtained
from the quantum calculation.
There is a point to be made in actual applications of the theory to a molecule in
solution, that is, solvent and solute give influence each other. The distribution of solvent
around solute, g(r), depends on the electronic structure or the effective charges of solute.
On the other hand, the electronic structure (or wave function; Ψ ) is influenced by the
reaction field from solvent. Therefore, our strategy to attack the problem is to solve the
Schrodinger equation and the RISM equation iteratively untill the electronic structure
and the solvent distribution become self-consistent each other. Scheme of the iterative
calculation is illustrated in Fig. 1.7.

Fig. 1.7 Algorism for self-consistent solution of the RISM-SCF theory.

Menschutkin reaction: As an illustrative example of applications of the RISM-SCF
theory, we describe an application to the Menshutkin reaction. [K. Naka, H. Sato, A.
Morita, F. Hirata, and S. Kato, Theor. Chem. Acc. 102,165 (2000) ]
H3N + CH3Cl <=> H3N+–CH3 + Cl–
Shown in Fig. 1.8 is the free energy profile along a reaction coordinate.

The

difference （dC-N - dC-Cl）between the C-Cl distance (dC-Cl) and the C-N distance (dC-N)
is chosen as the reaction coordinate. (E or F=0 at dC-Cl=∞) The reaction does not
proceed in vacuum, because the energy keeps increasing after the reaction crosses the
activation barrier. On the other hand, in water, the free energy decreases dramtically
after crossing the activation barrier, indicating that the reaction takes place
spontaneously. The solvent effect for this reaction turns out to be nearly 100 kcal/mol.
Physical origin of the solvent effect can be understood by examining the solvent
distribution around the solute. The solvent distribution around the solute is shown in Fig.
1.9. The solvent distribution around Cl- ion after the reaction shows a sharp peak aorund
R=3.0A, which can be asigned to the hydrogen-bond between Cl- and H of water. This
hydrogen-bond between solute and solvent is contributing to the free energy to drive the
reaction.

Fig. 1.8 Energy and free enegy profile
along the reaction coordinate.

Fig. 1.9 Solvent distribution around solute along the reaction
coordinate.
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II. Exploring the dynamics of solution based on the generalized
Langevin and RISM theories
In the previous chapter, I have explained the role of “solvent fluctuation” played in
chemical reactions, but not it’s time evolution. Time evolution of solvent plays crucial
roles in chemical processes in solution. A typical example of such processes is so called
“Solvation Dynamics” or “Dynamic Stokes Shift.” The process is initiated by
photo-exitation of a solute molecule in polar solvent, for example, detaching of an
electron from the solute. Then, the electrostatic field exerted from the solute to solvent
changes abruptly, because the charged state of the solute changes. However, the
polarization of solute cannot follow the abrupt change of the field instantaneously, but
relaxes with a certain relaxation time. The time evolution of the relaxation, which can
be measured by a probe light, reflects the chemical specificity and liquid structure of
solvent. I have proposed a theoretical method to pursue the solvation dynamics of polar
solvent by combining the two theories in statistical mechanics, the RISM theory
explained in the previous chapter and the generalized Langevin theory.
Let’s start the chapter with a brief introduction of the generalized Langevin equation
(GLE), which enables atomistic description of the dynamics of liquids and solutions. A
generalized Langevin equation can be derived by defining a set of dynamic variables as
a function of the representive point ( Γ(t) ) in the phase space (Hilbert space), and by
projecting all other degrees of freedom onto those variables. Let C(t)(= C(Γ(t)) be the
dynamic varaibles. Time evolution of a variable in the phase space can be described by
the following equation (Liouville equation),
dB(t)
= iL B(t)
dt

(2.1)

where L is the Liouville operator defined by the following equation.

⎡⎛ ∂H ⎞ ⎛ ∂ ⎞ ⎛ ∂H ⎞ ⎛ ∂ ⎞ ⎤
L ≡ i ∑ ⎢⎜
⎟ ⋅⎜
⎟ − ⎜⎝ ∂p ⎟⎠ ⋅ ⎜⎝ ∂r ⎟⎠ ⎥
i ⎣ ⎝ ∂ri ⎠ ⎝ ∂p i ⎠
i
i ⎦
GLE is obtained by projecting B(t) onto C(t) . An operator ( p̂ ) for the projection is
defined by the following equation,

p̂B(t) =

C ⋅ ( C, B(t))
(C,C)

In Eq. (2.3), B(t) is a variable in the phase space, “ • ” means a matrix product,

(,) signifies the inner product of two vectors in the Hilbert space, defined by,

 = dΓf eq (Γ)C(Γ)B(Γ)

(C, B) = CB
∫

In the equation, f eq (Γ) denotes a probablity distribution function in equilibrium, B
indicates the adjoint vector of B. The generalized Langevin equation can be derived by

operating on the both sides of Eq. (2.1) with p as
t
dC(t)
= iΩ ⋅ C(t) − ∫ dτ K(t − τ ) ⋅ C(τ ) + R(t)
0
dt

(2.2)

In the equation, Ω , R(t) , and K(t) are referred to as “corrective frequency”,
“random force”, and “friction kernel”, defined respectively by the following equations.

iΩ =


(C, C)
(C,C)


R(t) = exp [ i(1 − p̂)L t ] (1 − p̂)C

K(t) =

 )
( R, R(t)
(C,C)

Eq. (2.2) looks very similar to the phenomenological Langevin equation, but all the
varibales in the equation, including R(t) and K(t) , have atomic-scale descriptions.
- Generalized Langevin Equation of Molecular Liquid Choice of the dynamic variables bears essential significance to describe molecular
liquids. The most important requirement for the variables is how successful they are to
account for chemical specificity of molecular liquids. The chemical specificity is
reflected to the dynamics through the structure of liquids. There are two pictures
conceivable for the dynamic of liquids. One of those pictures has been practiced
conventionally in most of the theories of liquid dynamics, which splits the dynamics

into the translational and rotational degrees of freedom. A draw back of such a model is
slow convergence of the spherical-harmonic expansion in describing the rotational
motion. I have proposed an entirely different picture based on the interaction site model
of liquids to descirbe the liquid dynamics. According to the new model, the dynamics of
a molecule in liquid is veiwed as a correlated translational-diffusion of each atom in the
molecule. For example, let us think the dynamics of a diatomic molecule in the liquid,
illustrated in Fig. 2.1. If the two atoms (or sites) in a molecule move in the same
direction, the entire molecular motion is a translational motion. On the other hand, if
the two atoms move in the opposite direction, the entire motion becomes a rotational
motion. The actual motion is a combination of those two. The advantage of the model is
to incorporate the RISM theory for the liquid structure, decribed in Chapter I, naturally
into the dynamics.

Fig. 2.1 Two pictures for the dynamics of a molecule in liquids

We choose the fluctuation of the number density ( δρα ) of atoms and its conjugated
mometum ( jα ) as the dynamic varaibles as,

δρα (r,t) = ∑ δ ( r − riα (t)) − ρα
i

(

jα (r,t) = ∑ v αi δ r − riα (t)
i

)

The projection operator is defined from the dynamic variables as

P B(t) =

C ⋅ ( C, B(t))
(C,C)

where the vector C is defined by
C(k,t) ≡ (δρ(k,t), j(k,t))

Following the recipe of the generalized Langevin theory, all other variables are
projected onto C(k,t) to give rise to the following equation for the atomic density and
conjugated momentum.

∂ 2δρα (r,t) ρα kBT
=
∇ 2r Φ(r, r ')δρα (r ',t)dr '− ∫ K(t − τ ) * j(τ ) + m −1R(t)
∂t 2
mα ∫

(2.3)

Φ(r, r ') appeared in the first term in the right hand side is a functional inverse of the
density correlation function ( χ (r, r ') ) which represents the structure of liquid in
equilibrium. The first term signifies a restoring force proportinal to the fluctuation (or
deviation) of density in the analogy with the harmonic oscillator, and the second
derivative of Φ(r, r ') plays a role of the “force constant.”
- Site-site Smoluchowski-Vlasov (SSSV) Theory [F.Hirata, J. Chem.
Phys.,96, 4619 (1992) ] –
Multiplying the both sides of Eq. (2.3) by the equilibrium density fluctuation
( δρ(t = 0) ) at t=0, and taking the ensemble average, one gets the following equation
describing the time evolution of the site-site density correlation function in the Fourier
space,
(2.4)

where F(k,t) is the Fourier transform of the space-time correlation function (van Hove
function) defined by

Gαγ (r,t) ≡

1
δρα (0, 0)δργ (r,t)
ρ

Fαγ (k,t) = ∫ Gαγ (r,t)exp [ −ikir ]dr
and ω k2

is the collective frequency defined by

There is a reason why the quantity is called “collective frequency.” If one ignores the
friction term in Eq. (2.4), the equation is formally identical to that of a harmonic
oscillator. This indicates that the collective density fluctution in liquids becomes the
Gaussian process due to the central limiting theorem.

ω k2

corresponds to the

frequency of the collective density fluctuation.
If one assumes that the densty fluctuation is very slow compared to other varaibles,
Eq. (2.4) can be written in the diffusion limit as,
∂F(k,t)
= −D(k)k 2 ρχ −1 (k)F(k,t)
∂t

(2.5)

where D(k) corresponds to the diffusion coefficient of atoms. The equation is reffered to
as the site-site Smoluchowski-Vlasov (SSSV) equation.
The equation is first applied to calculate the space-time correlation (van Hove)
function. Shown in Fig. 2.2 is the space-time correlation function (solid lines, dashed
lines, and dotted lines) calculated by the SSSV theory, compared with the results from a
molecular dynamics simulation (circle, +, *). It is seen that the results from SSSV
reproduce the simulaton (“experimental”) results fairly well.

Fig. 2.2

The space-time correlation function of water claculated from SSSV theory.
(solid lines, t=0.01 ps; dashed lines, t=0.1 ps; dotted lines, 1.0 ps)

-Solvation dynamics (Dynamic Stokes shift) [F. Hirata, T. Munakata, F.
Raineri, H.L. Friedman, J. Mol. Liquids, 65/66, 15 (1999)]–
The theory of liquid dynamics, described above can be applied to the so called
“solvation dynamics,” or the dynamic Stokes shift. A typical process of the dynamic
Stokes shift is initiated by a photo-excitation of a solute in polar solvent, due to so
called “pump light.” The solvent polarization becomes non-equilibrium with the new
electronic structure or charged state of the solute, instantaneously. Then, the solvent
structure as well as the solute-solvent interaction relaxes so as to recover the
equilibrium to the new solute-state. The energy relaxation is probed by the time
evolution of the Stokes-shift concerning a spectrum of a light. The time evolution of the
spectrum is described by the following equation.

S(t) =

ν (t) − ν (∞)
ν (0) − ν (∞)

If the response of the solvent structure to the change in electronic or charged state of
solute is linear, one can apply the linear response theory to the process, which gives rise
to the following expression for the energy relaxation in terms of a time correlation
function.

S(t) =

δε (t)δε (0))
δε (0)δε (0)

In the equation, δε (t) denotes the fluctuation of solvation energy, and



represents the ensemble average in an equilibrium state, before or after the
photo-excitation. We have derived the following equation to describe the time
correlation function by expressing δε (t) in terms of the SSSV theory.

S(t) =

∫

∫

∞

0

∞

0

dkk 2 ∑ jj ' Fjj ' (k,t)B jj ' (k)

dkk

2

∑

jj '

(2.5)

Fjj ' (k,t = 0)B jj ' (k)

In Eq. (2.5), Fjj ' (k,t) is the space-time correlation function (some time called
“intermediate scattering function”), j and j’ label atoms in slovent. B jj ' (k) denotes the
peturbation on the solvent, due to the photo-excitation of solute.
B jj ' (k) = ∑ ω λλ ' (k)Δφλ j (k)Δφλ ' j ' (k)
λλ '

where ω λλ ' (k) the intra-molecular correlation function, defining the structure (or
geometry) of the solute molecule (see Chapter I). Δφλ j (k) is change in the
“renormalized” interaction-energy ( Δφλ j (k) = φλFj (k) − φλI j (k) ) between solute and
sovent before and after the photo-excitation, which is expressed by the following
equation using the solute-solvent direct corelation functions. (I and F denote the
equilibrium states before and after the photo-excitation.)

φλI ,jF (k) = −kBTcλI ,jF (k)
As an example of applications of the theory, the energy relaxation function (S(t))

induced by a photo-ionization of a solute, from zero to +1, is shown in Fig. 2.3 for a
variety of solvent.

Fig. 2.3

Energy relaxation function of a solute induced by a photo-excitation in
polar solvents

Although detailed explanation is skipped here, the figure demonstrates that the
behaivior of the energy relaxation strongly reflects the characteristics of solvent, such as
“hydrogen-bonding” and/or “polarity.” It is of particular interest that methonol shows a
behavior characterized by three relaxation times. The results reproduce the well-known
behavior observed by the experiments. Considering that the theory does not include any
phenomenological parameters for the relaxation times, the results are demonstrating
robustness of the theory.
- Analysis of collective excitations in “water” based on the
site-site interaction model [S. Chong and F. Hirata, J. Chem. Phys., 111,
3083, 3095 (1999) ]–
In the previous section, I have presented a new picture to describe the dynamics of
a molecule in liquids, including water, based on the interaction-site model. According

to the picture, the dynamics of a molecule in solution is described by translational
motions of atoms consisting the molecule, whcih are correlated each other. However, I
have not explained the relation of the new picture to the conventional one which
decouples the motion into translational and rotational motions. Here, I present a work
which touches this issue.
For that purpose, let’s go back to Eq. (2.4), describing the time evolution of
density correlation functions.

I have explained already that the equation is formally identical to that describing a
harmonic osillator, if one ignores the third term in the left hand side, corresponding to
the friction term. That is, the equation implies that the restoring force exerted on
density fluctuation is proportional to the density fluctuation, and that the proportional
constant (or a “force constant”) is ω k2 . It is as if the same law as “Hook’s law” in
the harmonic oscillator is govering the density fluctuation. Then, with an analogy to
the normal mode analysis, “normal modes” of the density fluctuation of atoms,
corresponding to “eigen frequencies,” can be obtained by diagonalizing the matrix

ω k2 . The diagnalization corresponds to a transformation of the dynamic variables
from the density of atoms to their linear combination,

ρi (k) = ∑ xiα (k)ρα (k)
α

where ρi (k) denotes the i-th mode of the collective density fluctuation, ρα (k)
denotes the density of atom α . In the case of water, α distinguishes an oxygen atom
(O) and two hydrogen atoms (H1, H2). Thus obtained eigen values (frequency) and
eigen functions (modes of atomic density fluctuation) of ω k2

for water are depicted

against the wave number in Fig. 2.4. One of the three eigen frequencies exhibits the
following asymptotic behavior at the limit of k=0,

2
ω acou
(k → 0) =

k BT
k2
M χ ( k = 0)

(2.6)

where M denotes the mass of a molecule. The equation shows a relation between the
wave number ( k = 1 / λ ) and the frequency ( ω ). The proportional constant
( kBT / M χ (k = 0) ) is the sound velocity. The mode satisfies the dispersion relation
of the sound wave, c = λω , thereby it is assigned to an acoustic mode. It is also
understood that the mode is related to the translational motion, since Eq. (2.6) includes
the mass of a molecule, M. On the other hand, the other two modes are assigned to
some optical modes, since they have finite ω at the limit of k=0. Although detailed
explanation is skipped here, we found that the two optical modes correspond to the
two rotational-vibrations of a water molecule, pitch and roll, as illustrated in Fig. 2.5.

Fig. 2.4 Collective modes of water

Fig. 2.5

Two rotational modes of a water molecule

- Dynamics of an ion in water [S. Chong and F. Hirata, J. Chem. Phys., 111,
3654 (1999)]In the preceding section, I have explained how the two pictures of liquid dynamics,
translational motion of interaction-sites (or atoms) and translational and rotational
motions of a whole molecule, can be transformed from one to the other. In the
following, the dynamics of an ion in water is analysed from a view point of the
interaction-site dynamics.
The dynamics of a small ion in water, such as alkali and halide ions, has attracted a
lot of attention from chemists due to its practical interest in, say, the electrochemistry.
The problem has also fascinated many theoretical physists including Nobel loureates
such as M. Born and L. Onsager. Why it is so? It is because the dynamics of small ions
exhibits a non-Stokes-Einstein behavior. It is well regarded that the friction exerted on a
large ion from solvent follows the Stokes-Einstein law as

ς Stokes = 6πησ
where η and σ denote the viscosity of solvent and the mass of solute. The law says
that the friction increases linearly with increasing the size of solute. However, the
friction on alkali-metal ions (Li+, Na+, K+, Rb+, Cs+) and halide ions （F−, Cl−, Br−, I−）
decreases with increasing ion size when the size is less, and then turns into increase, as
illustrated by a cartoon in Fig. 2.6.

Fig. 2.6 Illustration of the friction coefficient exerted on an ion in water

(a) Solventberg model

(b) Dielectric friction model
Fig. 2.7 Two models for the friction exerted in an ion

The latter behavior can be explained in terms of the Stokes-Einstein law, while the
behavior in the small ion-size is against the law. Two models have been proposed to
explain the anti-Stokes-Einstein behavior of the ion friction. (Fig. 2.7) One is (a)
“solventberg model” and the other (b) “dielectric friction model.” The solventberg
model, that has been supported by many experimental chemists, regards the Stokes
radius as an effective radius of a solvated ion. If the strength of solvation is proportional
to the eletrostatic interaction between ion and solvent, the effective (or Stokes) radius of
a solvated ion will increase with decreasing the size of bare ion. That explains the
anti-Stokes-Einstein behavior in small ion size. On the other hand, the dielectric friction
model, that was proposed and supported mainly by theorretical physicists including M.
Born, sees the origin of the anti-Stokes-Einstein behavior in the rotational relaxation of
solvent molecules around an ion. Let’s imagine that an ion in polar solvent is in
equilibrium. The ion would be in stable state by polarizing the surrounding solvent
isotropically. Suppose that the ion is displaced abruptly due to a perturbation, such as an
electrostatic field. The surrounding solvent may not follow the ion displacement
instantaneously, to make the polarization anisotropic (see the left hand side of Fig. 2.7
(b)). The solvent polarization should relax (rotational or dielectirc relaxation) to recover

the equilibrium with new position of the ion, and to restore the isotropic polarization.
Energy as well as momentum dissipation assoiciated with the relaxation is claimed to be
an origin of the friction.
We have analysed the friction exerted on an ion in water by means of the
GLE-RISM theory, described above. In the theory, the friction is considered as a
response of the collective excitation of solvent, described in the preceding section, to
the perturbation or ion-water interaction.

The ion-water interaction is decomposed

into two contributions, the short-range interaction and the electrostatic interaction, while
the response of the collective excitation is also decomosed into two contributions, the
acoustic mode and the optical mode. Then, the friction coefficient is decomposed into
the three contributions (the detail is skipped) as,

ς = ς NN + ς NZ + ς ZZ
where ς NN is the response of the acoustic mode of solvent to the short range interaction,
that corresponds to the Stokes friction in the hydrodynamic model. ς ZZ is the response
of the optical mode to the electrostatic interaction, which corresponds to the dielectric
friction in its physical meaning. Finally, ς NZ is the cross term, namely the response of
the accoustic mode to the electrostatic interaction and that of the optical mode to the
short-range interaction. Depicted by circles in Fig. 2.8 is the friction coefficient ς
against the ionic radii. In the same figure, each component of ς is plotted by triangles
( ς NN ), squares ( ς ZZ ), and diamonds ( ς NZ ). The overall friction coefficient ( ς ) exhibits
an anti-Stokes-Einstein behavior in the small ion-size region, and follows the
Stokes-Einstein law in the larger ion-size region, in accord with the experimental
observation. Then, how about the component of ς ? ς ZZ decreases monotonically with
increasing the ion size both for cations and anions, indicating that the dielectric friction
reduces as the electrostatic interaction decreases. The behavior proves that an origin of
the anti-Stokes-Einstein behavior of ionic friction is the dielectric friction. On the other
hand, ς NN also shows anti-Stoke-Einstein behavior, except for Li+, in the small ion-size
region. This is due to reduction of the effective radii, represented by the direct
correlation function, with increasing (bare) ion size. This indicates that the solventberg
model also explains the anti-Stoke-Einstein behavior to some extent. However, the
model breaks down for the Li+. This may be because the effective ion radius is not
proportinal to the electric field for such an extremely small ion.

Fig. 2.8 The friction exerted on small ions in water
We have also calculated the velocity auto-correlation functions ( z(t) = v(0)v(t) ) of
ions in water, which is depicted in Fig. 2.9. This is the first results for the velocity
auto–correaltion function of ions in water, obtained entirely analytically by means of the
statistical mechanics. The most important feature seen in the figure is the oscillatory
behavior observed in the auto–correlation functions for small ions, Li+ and F-. Those
small ions are strongly coordinated by water molecules, and make a water-ion complex
with some lifetime. In another word, the water-ion complex as a unit makes diffusive
motion in water for some period. The ion can oscillate within the complex for some
period characterized by the relaxation time. The oscillatory behavior seen in z(t) for the
small ions reflects this physics.

Fig. 2.9 Velocity auto-correlation functions of ions in water

III. Development of the 3D-RISM/KH theory and its application to
life phenomena [N. Yoshida, T. Imai, S. Phongphanphanee, A. Kovalenko, F.
Hirata, J. Phys. Chem. B (Feature Article) 113, 873 (2009)]
In the beginning of this review, I have emphasized the life phenomena as a motivation
for studying water. When one views life phenomena in molecular level, it is a process
in which many molecules such as DNA and protein in cells express their functions
concertedly in order to maintain a life, and inherit it to next generation. If one looks
carefully a way how those molecules are working in our body, one may realize that two
physicochemical processes are commonly operating. One of those is the
self-organization, and the other is the molecular recognition. A typical example of the
self-organization is the protein folding. As been clarified by Anfinsen, an unfolded
protein refolds spontaneously into a three dimensional structure (or native
conformation), provided an amino-acid sequence as well as proper thermodynamic
conditions such as temperature, pressure and pH. The three dimensional stucture is a

necessary condition for protein to function. The words “proper thermodynamic
conditions” in the above statement deserves for a special attention, because the words
are often forgotten by scientists in the field of biophysics. It is a big misunderstanding if
one ignores the statement concerning “thermodynamic condition” in “Anfinsen’s
dogma,” because protein will never folds into its native structure without proper
thermodynamic conditions. In this regard, water plays a crucial role to the protein
folding, since the proper thermodynamic condition is almost synonym to the proper
solution condition.
The molecular recognition, the other physicochmeical process in life phenomena, is
a process in which a protein binds small molecules or ions in its active site. Therefore, it
is a process in which a protein should pass through whenever it expresses its function
such as an enzyme and an ion channel. In the following, the physics of molecular
recognition is explained taking an enzymatic reaction as an example.

Fig. 3.1 Illustration of enzymatic reaction
In Fig. 3.1, illustrated by a cartoon is a process of an enzymatic reaction. In the figure, a
yellow-colored crescent and its eclipsed part illustrate a protein and its active site, while
red and green spheres represent, respectively, substrates before and after a chemical
reaction catalysed by the enzyme. Blue spheres mimic water molecules. In an enzymatic
reaction, enzyme should bind one or few numbers of substrate molecules at its active
site (or cavity) to make a Michaelis-Menten complex. This process is nothing but a
molecular recognition. After that, electrons are exchanged between the substrate and

enzyme or among the substrates, which produces new molecules. This process is a
chemical reaction. Finally, the produced molecules should get out of the active site to
become useful products for living system, which is just an inverse of the molecular
recognition, governed by the same physics law. The molecular recognition process (or
inverse) is determined by affinity (or comfortableness) of a substrate with an active site.
Thermodynamic measure of affinity is the free energy change before and after the
binding, which consists of three contributions: (1) direct interaction energy between
protein and substrate, (2) the entropy change of protein and substrate, (3) change in the
solvation free energy of both protein and substrate before and after the binding. Among
the three, the direct interaction works for promoting binding due to the electrostatic as
well as van der Waals interatcion. The entropy effect of solutes contributes in general to
preventing from binding. It is because the degrees of freedom of both host and guest
molecules reduce. The change in the solvation free energy contributes in principle to
either direction, depending on detailed characetristics of atoms consisting protein
active-site as well as substrate molecules. For example, amino-acid resiudes at the
active-site include some charged residues, such as Asp or Lys, the free energy change
upon the binding is likely to be positive, because few water molecules are
hydrogen-bonded to those charged residues before binding substrate, and those water
molecules should be removed (desolvation) in order for the substarte to be bound. The
free energy change associated with the desolvation is referred to as “desolvation
penalty.” If an active site consists only of neutral residues, such as Leu or Trp, the
situation may be different. In such a case, a substrate for such an active site is most
likely to be a hydrophobic molecule, and the free energy change associated with the
binding may become negative, due to a hydrophobic interaction. One may call the free
energy change as negative desolvation penalty. Actual situation would be combination
of those two cases.
About 15 years ago, we tried to evaluate the solvation phenomena of protein using
the RISM (1D-RISM) theory, decribed in the preceeding two chapters, but the attempt
was in vain. It is becaue the solvent environment around protein is so inhomogeneous
for the theory to be applied. Most of globular proteins have a core regions consisting of
hydrophbic residues, where almost no water molecules exist. (Sometimes, there are few
water molecules which work as a building block of protein structure.) On the other hand,
there are many hydrophilic residues around the surface of protein, which works for

dissolving the molecule in water. An active site of protein has an extremely
inhomogeneous environment in atomic level in terms of its geometrical shape and the
charge distribution, which regulates the binding affnity with substrates and ligands.
Furthermore, water molecules hydrated to protein exchange with those in bulk. The old
1D-RISM theory was not able to handle such inhomogenity. In order to overcome the
problem, we have developed a new theory called “3D-RISM/KH.”
It was explained in Chpater I that there are two models to describe the
intermolecular interactions. One of those employs the explicit angular coordinate to
express the orientational dependency of the interaction. The other is the interaction-site
model (ISM) which describes the intermolecular interaction by a sum of interatomic
interactions of the two molecules. The transformation from the former to the latter is
performed by applying the Chandler-Andersen transformation to the molecular
Ornstein-Zerinke (MOZ) equation. (See Chapter I) The Chandler-Andersen
transformation corresponds to a physical process in which an interaction-site is fixed at
an atom of a molecule, and an average over the orientation is taken for the correlation
functions in MOZ. The transformation is applied to both solute and solvent molecules in
the case of 1D-RISM. Unfortunately, the inhomogeneous environment around the solute
is over-averaged due to some approximation included in the theory. Then, a question
came up to us. What happens if we apply the Chandler-Andesen transformation just for
solvent? That is to apply the orientational average around an interaction-site just for
sovent, with fixing the coordinates of all atoms in solute at the three dimensional space.
The 3D-RISM theory was derived based on such an idea.
- 3D-RISM/KH Theory [A. Kovelenko and F. Hirata, Chem. Phys. Lett. 290, 237
(1998); J. Chem. Phys., 110, 10095 (1999)]The theory is based on the molecular Ornstein-Zernike (MOZ) equation for the density
correlation function between solute and solvent in infinitely dilute solutions.
h uv (1, 2) = cuv (1, 2) + ∫ cuv (1, 2)ρ v (3)h vv (3, 2)d(3)

(3.1)

In the equation, 1, 2, ... represent the coordinates of solute and solvent, describing both
position and orientation (see Chapter I), and the superscripts u and v denote solute and
solvent, respectively. If one apply the Chandler-Andersen tarnsformation

hαuv (r) =

(

)

1
δ R 2 + lα2 − r h uv (1, 2)d(2)
∫
Ω

(3.2)

only to solvent coordinates, “2”, then, one gets the following equation (3D-RISM).

hαuv (r) =

∑ ∑ ∫ χ ( r − r ' )c

v '∈solvent η ∈v '

vv '
αη

v'u
α

(r ')dr '

(3.3)

vv ′
where χαη
is defined by

vv '
χαη
( r ) ≡ ω αηv ' (r) + ρ v 'hαηvv ' (r)

(3.4)

In Eq. (3.4), ω and h are intra- and inter-molecular correlation functions, respectively,
in solvent. (see Chapter I)

The derivation of the equation is skipped here, and just

physics of the equation is explained in the following.
Let us consider the average density of solvent molecules at a position around a
solute molecule. (Fig. 3.2) When the position is far from the solute molecule so as to be
regarded as the bulk, the density will be constant which is the same as in the pure
solvent. On the other hand, when it is nearby solute, the density will be “perturbed”
significantly by the field due to the solute molecule, and be different from that in the
bulk, depending on the strength of the perturbation. Physical meaning of the 3D-RISM
equation can be readily understood in terms of a non-linear response theory as follows.
Let us denote the average density of solvent atom γ at the bulk, the density nearby
solute, and the density response to the perturbation as ρ γ, ργ (r) , and Δργ (r) ,
respectively. Then, statement above can be expressed as,

ργ ( r ) = ργ + Δργ ( r ) .
The density response to the perturbation can be expressed in terms of a non-linear
response theory as

Δργ ( r ) = ∑ ∫ χ γα (r, r)ργ cα ( r ) dr ,
α

where the cα (r') is a non-linear perturbation due to the solute molecule, and

χαγ ( r, r ') is a response function. (The reason why we call it “non-linear” will be

clarified in a moment.) The equation can be viewed as the 3D-RISM equation by

identifying ca(r) as the direct correlation function and χαγ ( r, r ') as the correlation
function of density fluctuation in bulk solvent, that is,

ρ 2 χαγ ( r, r ') = δρα(0) (r)δργ(0) (r ') ,
where δρα(0) (r) is the density fluctuation of atom a in the pure liquid defined by

δρα(0) (r) = ρα(0) (r) − ρα .
Several approximate equations have been devised for the direct correlation functions.
For examples, the hypernetted-chain approximation reads,

cαuv (r) = exp ⎡⎣ − β uαuv (r) + hαuv (r) − cαuv (r) ⎤⎦ − 1 − ⎡⎣ hαuv (r) − cαuv (r) ⎤⎦ .
In the expression, uαuv (r) is the direct interaction potential exerted on the solvent
molecules from the solute molecule, and hαuv (r) is the density fluctuation in solvent at
position r, normalized by the bulk density, namely,
hαuv (r) = Δρα (r) / ρ .

The three dimensional distribution function used in this study is defined from hαuv (r)
by
gαuv (r) = hαuv (r) + 1 .

It is not only the direct interaction uαuv (r) with solute that perturbs the density of
solvent at a certain position, but also that from solvent molecules at the other positions,
whose density is also perturbed by the existence of the same solute. Such “indirect”
perturbations are renormalized into the terms including ⎡⎣ hαuv (r) − cαuv (r) ⎤⎦ . Such
renormalization makes the perturbation highly “non-linear.”

Fig. 3.2 Density distribution of solvent around solute

-Water molecules confined in a protein cavity, and molecular
recognition [T. Imai, R. Hiraoka, A. Kovalenko, and F. Hirata J. Am. Chem. Soc.
(Communacation), 127, 15334 (2005)]
It is a common sense that water is essential for life. However, it is not well
understood in molecular level what role water plays. The biggest reason is because
almost nothing was understood about the state of water in cells, especially around
protein and DNA. For examples, in a (enzymatic) hydrolysis reaction, a water molecule
plays a role of substrate. In order for a water molecule to be invloved in the reaction, it
should be bound to an active site of protein with precise position and orientation. Untill
recently, the position of a water molecule in protein has been determined by the X-ray
crystalography. However, the method has serious difficulties. Firstly, water molecules
are moving around even in an active-site, and the electron density is largely smeared out.
Secondly, especilly in the case of a hydrolysis reaction, the water molecule as a
substrate disappears upon the reaction. Thirdly, the method cannot determine
orientation of a water molecule anyway. We have found that the 3D-RISM/KH theory
can provide an alternative tool to resolve the problem.
We have calculated the spatial distribution ( g(r) ) of water molecules around a
hen-eggwhite lysozyme using the 3D-RISM/KH theory. The results are shown in Fig.
3.3.

(a) g(r)>2

(b) g(r)>4

(c) g(r)>8

Fig. 3.3 Spatial distribution of water (oxygen) around lysozyme, calculated by
3D-RISM/KH.

The figure shows the distribution of oxygen atom, which corresponds almost exactly to
that observed by the X-ray crystalography. The three panels shown in the figure
correspond to the same data of the distribution, but depicted with the different threshold
values for g(r) : (a) g(r) > 2 , (b) g(r) > 4 , (c) g(r) > 8 . Since g(r) = 1 for bulk water
which is not perturbed by the protein, (a) represents water molecules which are weakly
interacting with protein, while (b) exhibits those water molecules bound strongly to the
protein. In any case, it is obvious that the results are reproducing the inhomogeneous
distribution of water molecules around a protein quite faithfully.
However, the result shown in Fig. 3.3 is just a glimpse of the power which the
3D-RISM/KH theory posesses. The most important power of the theory is demonstrated
in Fig. 3.4, in which the distribution of water inside the active-site of lysozyme is
depicted. In Fig. 3.4(a), shown by the green and purple surfaces are, repsectively, the
distribution of oxygen and hydrogen atoms in the active site. Molecular model
representation corresponding to Fig. 3.4(a) is exhibited in Fig. 3.4(b), in which oxygen
and hydrgen atoms are shown, respectively, by green and purple spheres. Fig. 3.4(c)
shows corresponding X-ray results for water oxygen. The figures demonstrate that the
theory reproduces the experimental results faithfully. (Unfortunately, we cannot
compare the results for hydrogen atoms, since the X-ray cannot see hydrogen atoms.)

Fig. 3.4 Water molecules inside the active site of lysozyme, probed by 3D-RISM/KH.
The results are of great importance, because this is the first to give an answer to the
problem of molecular recognition by a statistical mechanics theory. Futhermore, the
results suggest a possibility of applying the theory to problems concerning the
molecular recognition, including enzymatic reactions and drug screening. In fact, we

have applied the theory to molecular-recognition processes of a variety of small
molecules with protein, including ions and drug compounds, and derived useful
information concerning protein functions and their inhibition. Some of the applications
are described in the following.
- Selective ion binding by mutants of human lysozyme [N. Yoshida, S.
Phongphanphanee, Y. Maruyama, T. Imai, F. Hirata, J. Am. Chem. Soc.
(communication), 128 , 12042 (2006) ]–
Small ions such as Na + and Ca 2+ play important roles in chemical reactions and
signal transductions in living systems. That can be understood immediately from the
fact that lack of those ions causes some symptom to our body. Nontheless, it has not be
well understood how those ions are involved in protein functions. The biggest reason
why is because it is not so easy to determine experimentally the position in an active
site, where ions are bound. For examples, it is well regarded that Mg 2 + plays a role of
“co-enzyme” in the restriction enzyme in E.coli, which cleaves DNA. However, it
remains largely controversial where the ion is, and how many ions are concerned with
the reaction.
We have found that the 3D-RISM/KH theory is quite useful to identify the species
and position of ions bound to an active site of protein. Concerning the human lysozyme
we have studied, there has been an excellent experimental study reported by Kuroki and
Yutani. [R. Kuroki and K. Yutani, J. Biol. Chem. 273, 34310 (1998)] They have carried
out an X-ray crystalography for binding of cations ( Na + , K + ,Ca 2 + ) to the wild type and
two mutants (Q86D, A92D) of human lysozyme, and led the following conclusions.
(1) The wild-type protein does not bind any cations studied.
(2) The Q86D mutant does not bind any cations as well.
(3) A92D mutant binds Na + , but not K + .
(4) The double mutant binds Ca 2 + .
We have carried out the 3D-RISM/KH calculation for the same system as Kuroki
and Yutani to obtain the spatial distribution ( g(r) ) of ion in the active site of human
lysozyme. The results are shown in Fig. 3.5.
In the figure, the surface colored red, yellow, and orange indicate g(r) of,
respectively, water oxygen, Na + , and Ca 2 + , and white spheres represent position of
water molecules, determined by X-Ray. In the figure, only water molecules are seen for

the wild type and the Q86D mutant, while the distribution (yellow) of Na + is observed
in the A92D mutant, on top of water oxygen. And, a marked distribution (organge) of

Ca 2 + is seen in the(Q86D/A92D) mutant. Those results are in complete agreement with
those by Kuroki and Yutani, proving that the 3D-RISM/KH theory has capability of
probing ions bound in the active-site of a protein.

wild type
Fig. 3.5
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The distribution of ions bound to human lysozyme

-Aspirin bound to phospholipase A2 [Y. Kiyota, N. Yoshida, and F. Hirata,
J. Chem. Theor. Comp., 7, 3803 (2011)]In this section, I explain an application of the 3D-RISM/KH theory to a drug design.
The target protein is Phospholipase A2 (PLA2), which concerns the synthesis of
Arachidonic acid, a compound causing pain and/or fever. It is also known that the
protein binds acetylsalicylic acid (or Aspirin) to its active site. The protein is regarded
as a model protein for drug discovery.

Fig. 3.6 Distributin of Aspirin around Phospholipase A2

In the study, we have applied the 3D-RISM/KH theory to calculate the spatial
distribution ( g(r) ) of Aspirin around and inside the active site of PLA2. The result is
shown in Fig. 3.6. The distributions colored blue, red, and yellow in the figure
correspond, respectively, to atoms in the three functional groups of Aspirin; -COOH,
phenyl group, and –COOCH3. (inserted picture) The picture in the right most figure is
the binding mode inferred from the electron denisty distribution due to the X-ray
crystalography. (green sphere is Mg 2 + ) It may be understood immediately from the
figure that the distribution of Aspirin inside the active site, calculated by 3D-RISM/KH,
corresoponds rougly to that inffered from X-ray.
We have made further analysis of the 3D-RISM/KH result to infer the binding mode
corresponding to the distribution. The result is shown in Fig. 3.7 in comparisonn with
that deduced from X-ray. The pictures colored blue and red corresponds to the binding
modes of Aspirin, respectively, from X-ray and 3D-RISM/KH. Since the both binding
modes are deduced from the analyses of the probability distribution, they are always
associated with some errors. Within the error bars, the agreement between the theory
and the experiment is fair.

	
 

Fig. 3.7 Binding mode of Aspirin at the active site of
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- Partial molar volume of protein [T. Imai, A. Kovalenko, F. Hirata, Chem.
Phys. Lett., 395 (1-3), 1 (2004); J. Phys. Chem. B, 109, 6658 (2005) ] Here, I talk about the partial molar volume of protein as an exmaple of applications
of the 3D-RISM/KH theory to thermodynamics of protein. Many readers may not be
familiar with “partial molar volume.” However, the following thermodynamic
expression may convince the reader how important it is.

ΔV
⎛ ∂ ln K ⎞
⎜⎝
⎟⎠ = −
∂P T
RT
where K denotes the equilibrium constant of a chemical reacion, ΔV is the difference of
the partial molar volume between reactant ( VR ) and product ( VP ); ΔV = VP − VR . The
equation describes the dependence of chemical equiribrium upon pressure. It is an
expression of Le’ Chaterier’s law, that is, the change of equilibrium due to pressure
takes place toward the direction in which the effect is minimized, or the volume reduces.
It means that we can predict the direction of change in chemical equilibrium due to
presuure, if we are able to find the patial molar volume of the reactant and product.
There are three thermodynamic parameters which influence the structure of protein,
temperature, pressure, and concentration of co-solvent. It is the partial molar volume
that determines the structural response of protein to pressure.
One may think that “partial molar volume” is a geometrical volume, but it is not
true. The best example to understand why it is not is the partial molar volume of ions in
aqueous solutions. For example, the partial molar volume for Li+ is reported as -11.2
cm3/mol due to experiments. “Is volume negative? What does it mean?” In fact, the
geometrical volume estimated from its ionic radius is V = ( 4 / 3) π R 3  1.0cm 3 / mol ,
and it is positive.

Fig. 3.8 Partial molar volume of ion

However, the strong electrostatic-interaction between the ion and water molecules
contracts the solution, which makes the overall volume change of solution negative. The
situation is illustrated in Fig. 3.8. Like this example, the partial molar volume is a
thermodynamic quantity which reflects changes in the structure of solution due to
solute-solvent interactions.
There have been many experimental studies carried out for the partial molar volume
of biomolecules, protein and DNA. However. Virtually no theoretical study was
reported. A reason is because there was no statistical mechanics theory for molecular
liquids. All biomolecules are desolved in water, thereby the statistical mechanics to
describe the structure and thermodynamics of water is a neccessary condition for such a
study. The problem has been solved by the development of RISM and 3D-RISM
theories.

Fig. 3.9 The partial molar volume of protein: cross, experimental results; black
dots, 3D-RISM/KH.
Let’s look at the application of 3D-RISM/KH to the partial molar volume of protein.
Shown in Fig. 3.9 is the partial molar volume of several proteins, experimentally
studied. It is obvious that the theoretical and experimental results show almost
quantitative agreement. One may think that the result may be readily obtained just by
calculating the geometrical volume of protein. However, it is not that simple. There at
are least two reasons for that. Firstly, the geometrical volume does not take the

protein-water interaction into consideration. That was described above, taking Li+ ion
as an example. The second, the geometrical volume does not account for the water
molecules bound (recognised) at internal cavities of protein. If a water molecule is
bound at a cavity of protein, then the volume is about 18 cm 3 / mol less compared to
the case in which no water molecule is bound. Therefore, unless one can estimate the
number of water molecules bound to cavities in protein, the partial molar volume thus
calculated is erroneous. In this regard, the results shown in Fig. 3.9 provide a
thermodynamic proof for soundness of the 3D-RISM/KH theory to describe the
distribution of water molecules around/inside protein.
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